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Abstract. Finding a quantitative description of the rate of collisions between small particles suspended
in mixing flows is a long-standing problem. Here we investigate the validity of a parameterisation of the
collision rate for identical particles subject to Stokes force, based on results for relative velocities of heavy
particles that were recently obtained within a statistical model for the dynamics of turbulent aerosols.
This model represents the turbulent velocity fluctuations by Gaussian random functions. We find that the
parameterisation gives quantitatively good results in the limit where the ‘ghost-particle approximation’
applies. The collision rate is a sum of two contributions due to ‘caustics’ and to ‘clustering’. Within
the statistical model we compare the relative importance of these two collision mechanisms. The caustic
formation rate is high when the particle inertia becomes large, and we find that caustics dominate the
collision rate as soon as they form frequently. We compare the magnitude of the caustic contribution to
the collision rate to the formation rate of caustics.
PACS. 05.40.-a – 92.60.Mt – 45.50.Tn
1 Introduction
To understand how particles in turbulent flows aggregate
requires a quantitative model for their collision rate. This
is important for a wide range of problems. The growth of
rain droplets settling in turbulent cumulus clouds [1,2],
and planet formation in circumstellar accretion discs [3,
4] are two examples where turbulence may affect aggrega-
tion. But to derive a quantitative parameterisation of the
collision rate of particles in turbulent aerosols from first
principles is a very complicated problem. It is often sim-
plified by assuming that the particles are spherical and
very small, and that they do not directly interact with
each other. Commonly, mono-disperse suspensions of par-
ticles are considered (this is the simplest case), and the
so-called ‘ghost-particle approximation’ is employed where
the particles are allowed to move through each other upon
collision [5,6]. ‘Collisions’ are counted in this picture by
recording how frequently particles approach closer than
their collision radius (twice the particle radius). A highly
idealised model, frequently adopted in the literature re-
tains only Stokes force. This yields the equation of motion
r˙ = v , v˙ = γ(u(r, t)− v) . (1)
Here dots denote time derivatives, r is the position of a
particle, v is its velocity and u is the fluid velocity evalu-
ated at the particle position. Further γ is the Stokes damp-
ing rate of the particle. The ‘Stokes number’ St = 1/(γτ)
is a dimensionless measure of the particle inertia, τ is the
smallest time scale of the flow.
A number of different parameterisations for the colli-
sion rate have been suggested in the literature, attempting
to describe the effect of particle inertia upon the colli-
sion rate, see e.g. Refs. [7,8,9]. A recent theory for the
relative velocities of particles in turbulence [10,11,12] is
based on a statistical model for the turbulent fluctuations
in the dissipative range, it gives a quantitative descrip-
tion of DNS results for the moments of relative veloci-
ties at small separations [13] and for the corresponding
distribution provided that the Stokes number is not so
large that inertial-range fluctuations contribute substan-
tially [14]. This theory yields an expression for the col-
lision rate (in the ghost-particle approximation), and al-
lows to quantify the relative importance of two important
mechanisms for collisions: ‘clustering’ and ‘caustics’. Spa-
tial clustering of particles on a fractal attractor increases
the probability to find close-by particles and this may en-
hance the rate of collisions [7]. The mechanisms for fractal
small-scale clustering of heavy particles in turbulence are
reviewed in [15]. Caustics occur as the phase-space man-
ifold folds over, allowing particles coming from far apart
to collide at small separations with large relative veloci-
ties [8,9]. The results in Refs. [10,11,12] provide a simple
parameterisation of the two contributions to the collision
rate, allowing us to quantify the relative importance of the
contributions due to caustics and clustering.
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In this paper we present a summary of the derivation
of the parameterisation in Refs. [10,11,12]. We explicitly
compare the two contributions to simulations of the colli-
sion rate obtained for a statistical model that represents
the turbulent velocity field by a Gaussian random func-
tion.
We outline the derivation of an estimate, first derived
in Ref. [12], for the contribution to the collision rate due
to clustering in the statistical model. Subtraction of this
contribution from the full collision rate allows us to isolate
the contribution due to caustics.
We find that the contribution to the collision rate due
to caustics is consistent with results of direct numerical
simulations [16,17], where it was found that it can be re-
sponsible for up to 50% of the total collision rate for St of
order unity. It is also consistent with the results in Ref. [6],
where it was found that caustics dominate the collision
rate for St > 0.3.
As shown in Refs. [18,19,20,21,22], the ghost-particle
approximation fails in the advective limit due to recolli-
sions between close-by ghost particles. We investigate how
large this effect is for finite Stokes numbers and for dif-
ferent particle sizes. Our results are consistent with the
numerical results obtained in Ref. [21].
2 Statistical model
We take u in Eq. (1) to be an isotropic, homogeneous,
incompressible, and Gaussian random velocity field [9,12,
15]. We use a single-scale flow: u has a single length scale
η, time scale τ , and speed scale u0. Our numerical simula-
tions are carried out in d = 2 spatial dimensions where we
can write u = u0∇φ ∧ eˆ3/
√
2, where eˆ3 is a unit vector
in the direction orthogonal to the simulation plane. The
stream function φ is a Gaussian random function with zero
mean and correlation function
〈φ(x, t)φ(0, 0)〉 = e−|x|2/(2η2)−|t|/τ . (2)
Here 〈X〉 denotes an ensemble average of X. In addition to
St, a second dimensionless parameter is the ‘Kubo num-
ber’, Ku = u0τ/η, which is of order unity or larger in
turbulent flows [15]. In the following we assume that the
particle radius a is small, a/η  1, and we vary the di-
mensionless parameters a/η and St independently. We also
assume that the fraction of total droplet volume compared
to the system volume is small to ensure that backreaction
on the fluid is negligible.
3 Parameterisations of the collision rate
When St = 0 particles are brought into contact by smooth
shearing of fluid elements. The collision rate of particles in
a constant simple shear was found analytically by Smolu-
chowski [25] to scale as ∼ sn0ad per particle, where s is the
shear rate, n0 the number density of particles, and d the
spatial dimension. In general a flow with a constant strain
matrix, S ≡ (∇uT+(∇uT)T)/2, gives a collision rate that
scales as∼ n0ad. The prefactor depends on the eigenvalues
of the strain matrix [20]. Saffman and Turner [26] argued
that since advected particles are uniformly distributed in
an incompressible flow, their collision rate is given by an
ensemble average over strain matrices S using the distri-
bution of S in the flow. The corresponding collision rate
is RST ∼ n0ad with a flow-dependent prefactor. For the
statistical model in Section 2 this rate was evaluated an-
alytically in Ref. [20]
RST τ =
√
d
2pi
N Ku
(
2a
L
)d
, (3)
where N is the total number of suspended particles in a
large sphere of radius L η.
It was observed by Brunk, Koch and Lion [18] that
the Saffman-Turner expression RST overestimates the col-
lision rate in flows with a rotational component because
each recollision between two close-by particles gives a con-
tribution to RST. In Refs. [19,20] this effect was evaluated
analytically for particles advected in rapidly fluctuating
velocity fields, in the limit of small Kubo numbers. When
Ku is small the separation between two particles under-
goes a diffusion process. The probability distribution for
particle separations is found by solving a Fokker-Planck
equation with absorbing boundary conditions at the colli-
sion distance 2a. From this distribution the ingoing prob-
ability flux evaluated at the collision distance yields the
collision rate [20]
R τ = d
d− 1N Ku
2
(
2a
L
)d
. (4)
This expression is valid for small values of Ku and St for
the statistical model described in Section 2.
A second limit in which the collision rate has been
estimated is that of large values of St. In this limit Abra-
hamson estimated the collision rate using kinetic-gas the-
ory [27]. In the limit of large St the velocity field u fluc-
tuates rapidly compared to the particle response time.
Consequently the particle velocity undergoes an Ornstein-
Uhlenbeck process. It follows that particle velocities are
Gaussian and the collision rate was estimated as Rg τ ∼√〈V 2R〉ad−1 [27], where VR is the radial velocity between
two particles. For the statistical model the gas-kinetic col-
lision rate evaluates to
Rg τ =
√
d
pi St
N Ku
η
L
(
2a
L
)d−1
. (5)
The size-dependence in Rg ∼ ad−1 differs from that found
at small values of St, R ∼ ad. The different scalings are
explained by the fact that when St = 0 the smooth dy-
namics between two close-by particles leads to typical col-
lision velocities of the order of u0a/η upon contact, while
in the kinetic-gas limit collision events are decoupled from
the instantaneous local fluid velocity (due to the forma-
tion of caustics), leading to collision velocities ∼ u0. The
additional factor ad−1 in the expressions for the collision
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rates is simply a geometric contribution from the spatial
volume element at the collision distance 2a.
A number of parameterisations for the collision rate at
intermediate values of St have been suggested. In Refs. [8,
9,17,6] it is argued that the collision rate of inertial par-
ticles is the sum of two contributions, due to clustering
and due to caustics. In Refs. [7,23,24], by contrast, the
collision rate is parameterised as a product of two factors.
The relation between these different parameterisations is
discussed in Section 6, see also Ref. [12]. Different pa-
rameterisations emphasise different aspects of the problem
(clustering, caustics).
As an example, in Ref. [9] the collision rate of inertial
particles was parameterised as
R ∼ RST + exp(−S/ St)Rg . (6)
The St-dependent prefactor of Rg determines the rela-
tive weights of the two terms. In Ref. [9] it was taken
to be proportional to the rate of caustic formation in a
one-dimensional white-noise model for inertial particles
for small values of St, ∝ exp(−S/ St). This was motivated
by the expectation that the number of collision events due
to caustics is closely related to the rate at which caustics
form. This ansatz leads to the prediction that the second
term in Eq. (6) dominates at large values of St for small
particles. But (6) does not allow to quantify the relative
importance of clustering and caustics. The ‘action’ S in
Eq. (6) is a system-dependent number of order unity. In
Ref. [9] it was fitted to numerical data, see also Ref. [16].
4 Collision rate and relative velocities
In the following Sections we use numerical simulations
of the statistical model to investigate the validity of the
parameterisation for the collision rate given by Eqs. (7)
and (8) below. Eq. (8) was first derived in the white-noise
limit in Ref. [10], and at finite Kubo numbers in Ref. [12].
The collision rate in the ghost-particle approximation,
R˜, is closely related to the first moment of relative ve-
locities between the suspended particles evaluated at the
collision radius,
R˜ = N
∫
dVR |VR| ρ(2a, VR)Θ(−VR)
≈ N
2
∫
dVR |VR| ρ(2a, VR) (7)
≡ N
2
m1(2a) .
As before N is the total number of suspended particles, 2a
is the distance below which particles collide, and ρ(R, VR)
is the probability for two particles to be at a distance R
with relative radial velocity VR = ∆v · eˆR, where eˆR is the
unit vector along the separation between the two particles
and ∆v is the relative velocity of the two particles. The
probability distribution ρ(R, VR) is normalised to unity
over a large sphere of radius L η. The properties of this
joint distribution was studied in Refs. [10,11,12].
In Ref. [12] the moment m1(R) needed to estimate
the ghost-particle approximation in Eq. (7) was derived
as follows.
First, two asymptotic limits of the joint distribution
ρ(∆v, ∆r) of relative velocities ∆v and separations ∆r
for a particle pair are matched. The first limit assumes
that caustics may occur in the system, as is the case for
any non-zero value of St in the dynamics of inertial parti-
cles. Caustics give rise to isotropic uniform motion at small
enough distances, γR  |∆v| ≡ V , leading to ρ(∆v, ∆r)
being a function of V only in this limit. In the second limit,
γR V , particle separations undergo slow isotropic diffu-
sion due to variations of the small ∆v and the distribution
is approximated by a function of distance R only.
The asymptotic behaviours of the distribution in these
two limits are determined by matching their functional
forms along a curve V ∝ γR and by using the obser-
vation that inertial particles show fractal clustering in
phase-space. This matching curve is appropriate when col-
liding particles originate from smooth dynamics. For large
enough values of St in turbulent flows this matching curve
may need to be modified to take into account collisions be-
tween particles originating from the inertial range.
If particles show fractal clustering in phase-space, the
distribution ρ(w) of small phase-space separations w ≡√
R2 + (V/γ)2 has a power-law dependence, ρ(w  1) ∼
wD2−1. Here D2 is the ‘phase-space correlation dimen-
sion’ of the fractal attractor. The power-law dependence
of ρ(w) is used as a boundary condition to determine the
asymptotic approximate form of ρ(∆v, ∆r). The resulting
asymptotic distribution is built from joined power-laws in
R and V . The the powers are determined by the spatial
dimension d and by D2.
Given the form of the distribution one can determine
the moment m1(R) in Eq. (7). For small values of R it
takes the form [10,12]
m1(R) ∼ b1(R/η)D2︸ ︷︷ ︸
smooth
+ c1(R/η)
d−1︸ ︷︷ ︸
caustic
. (8)
Eqs. (8) and (7) yield an expression for the collision rate
that is the sum of two contributions, just as Eq. (6). An
important difference to Eq. (6) is that the parameterisa-
tion (8) takes into account particle clustering. A second
difference is that the caustic term is weighted by the coef-
ficient c1 which characterises the contribution of caustics
to the moment m1 of relative radial velocities [in contrast
to the caustic formation rate in (6)]. The parameterisation
(8) allows to quantify the relative importance of cluster-
ing and caustics upon the collision rate. Eq. (8) is closely
related to the theory put forward in Ref. [6].
Since little was assumed concerning the flow in deriv-
ing Eq. (8), we expect it to be valid with great generality.
We remark that it may be necessary to refine the theory
if the inertial range becomes important at large Stokes
numbers. It must also be noted that the parameters in
Eq. (8) are non-universal, they depend upon the flow and
on the Stokes number. In the following we discuss the
system-dependent parameters b1 and c1 in Eq. (8) for the
statistical model described in Section 2.
4 K. Gustavsson, B. Mehlig: Statistical model for collisions and recollisions of inertial particles in mixing flows?
10
0
10
2
10
4
10
−5
10
−4
a
St
R
τ
,
R˜
τ
10
−2
10
0
10
2
10
−2
10
−1
b
St
10
−2
10
0
10
2
10
−6
10
−4
10
−2
10
0
∼ Ku
2
∼ Ku
c
Ku
Fig. 1. (Online colour). Markers show data from numerical simulations of the collision rate R ( ) and its ghost-particle
approximation R˜ ( ). Panels a and b show R and R˜ as functions of St for Ku = 0.02 (a) and Ku = 1 (b). Panel c shows
R and R˜ as functions of Ku for St = 0. Red dashed lines show the Saffman-Turner estimate RST (3) for the ghost-particle
approximation, and green dash-dotted lines show the small-Ku theory for the collision rate (4). Parameters: a = 0.01η, N = 1000,
L ≈ 5η.
5 Recording collisions and recollisions
We have performed a number of simulations of N par-
ticles moving independently according to (1) in a two-
dimensional incompressible Gaussian random velocity field
u. A collision occurs when the separation between two par-
ticles becomes less than the collision radius, 2a. To calcu-
late the collision rate R we remove one of the colliding
particles from the system after the collision to avoid rec-
ollisions [19,20,21]. We expect this to be a valid approach
for dilute systems with high collision- and coalescence ef-
ficiency. In the ghost-particle approximation the particles
are allowed to recollide as explained in the introduction.
We denote the corresponding collision rate by R˜. In this
case particles may continue to collide frequently after their
first collision. In numerical simulations we calculate the
steady-state collision rate by counting the total number
of collisions during a time interval (neglecting initial tran-
sients) and divide this number by the length of the time
interval. Eq. (7) is the collision rate per particle in the
ghost-particle approximation, the pairwise collision rate
per particle pair is given by multiplying (7) by (n0− 1)/2
where n0 is the number density of the particles. When
a particle is removed upon collision we adjust the colli-
sion rate to compensate for the decrease in the number of
particles.
Figs. 1a and b compare the collision rate with its
ghost-particle approximation as a function of St for two
different values of Ku. The data is taken from Ref. [28]. We
see that the ghost-particle approximation agrees with the
Saffman-Turner estimate [Eq. (3)], but deviates from the
collision rate R for small values of St. This fact (R 6= R˜ at
St = 0) is clearly visible in Fig. 1a and b. For large enough
values of St the two estimates approximately agree. Simi-
lar behaviour is observed in kinematic simulations of par-
ticles suspended in turbulent flows [21].
The expression for the collision rate for small values of
Ku and St = 0, Eq. (4), is shown in Fig. 1a and c. Fig. 1c
shows that it scales as Ku2 [Eq. (4)], while the Saffman-
Turner rate scales as Ku [Eq. (3)]. For larger values of Ku
the Saffman-Turner estimate is an upper bound on the
collision rate.
6 Smooth contribution
The smooth contribution to the collision rate [first term
in (8)] can be estimated for general values of St in the
ghost-particle approximation by using earlier results for
m1. These results were derived assuming that relative ra-
dial velocities are close to Gaussian and that instanta-
neous correlations between the particle positions and the
structures of the flow, so called ‘preferential sampling’ [15],
can be neglected. The non-Gaussian nature of turbulent
flows, as well as the possible existence of persistent flow
structures that are preferentially sampled may make it
necessary to modify this estimate for turbulent flows. Fol-
lowing the derivation in Ref. [12] we obtain an estimate
for m1(R) needed for the collision rate as follows. First,
we write
m1(R) = m0(R)S1(R) . (9)
Here m0(R) is the probability distribution of R, and the
structure function S1(R) is the average of |VR| conditional
on R [12]. The form (9) is reminiscent of the parameter-
isation of the collision rate in terms of a product of two
contributions suggested in Refs. [7,23,24]. The moment
m0(R) is related to the pair correlation function g(R) as
m0(R) ∼ g(R)Rd−1 [7]. But since S1(R) = m1(R)/m0(R)
the factor g(R) cancels out in (9) as first pointed out in
Ref. [12], see also Ref. [6]. It is m1 that determines the col-
lision rate. Caustics and clustering contribute additively,
Eqs. (8) and (7). The factorisation (9) is nevertheless use-
ful at small Stokes numbers, because m0 and S1 are most
easily estimated separately in this limit.
To account for fractal clustering, we use the approxi-
mation m0(R  η) ∼ Rd2−1 for small separations. Here
the spatial correlation dimension d2 is related to the phase-
space correlation dimension by d2 = min(D2, d) [29,10].
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For large separations we approximate m0(R η) ∼ Rd−1
(uniform distribution). This is needed to get the normal-
isation of m1(R) approximately correct. In flows with an
inertial range, a better estimate of m0(R) is required, or
alternatively, the global normalisation could be matched
to numerical data.
We match these two asymptotes of m0(R) at R = η to
find
m0(R η) ≈ dL−dRd2−1ηd−d2 . (10)
We approximate the smooth contribution to S1(R) as fol-
lows. The relative motion for two particles is obtained by
linearisation of (1). In random incompressible flows, nu-
merical simulations at Ku ∼ 1 show that effects due to
preferential sampling of the velocity field u are small for
all values of St (in contrast to preferential sampling of
flow-velocity gradients). This allows us to ignore the posi-
tion dependence in u(r, t). It is then possible to solve the
equation for VR to obtain [12]
VR = γ
∫ t
0
dt1e
γ(t1−t)∆u(r0, ∆r0, t1) · eˆR(0) . (11)
Here ∆u is the difference of the fluid velocity evaluated at
the positions of two particles with constant positions r0
and r0+∆r0 and eˆR(0) is the unit vector along their sep-
aration. We remark that provided that preferential sam-
pling can be neglected, Eq. (11) is valid for general val-
ues of St. It correctly describes the time lag between the
fluid and particle velocities. We use Eq. (11) to deter-
mine the statistics of VR. In the statistical model u is a
Gaussian random function with time-correlation function
〈ui(r0, t)uj(r0, 0)〉 ∼ δij exp[−|t|/τ ] [see Eq. (2)]. Using
Eq. (11) together with the correlation function of u to
calculate all moments 〈V pR〉 we find that the steady-state
distribution of VR conditional on R is Gaussian with vari-
ance 〈(∆u · eˆR)2〉/(1 + St). We use this result to compute
S1(R). Multiplying with (10) we find m1 in (9). Compari-
son with (8) yields an estimate of b1 (the coefficient of the
smooth contribution to R˜ for D2 ≤ d) [12]
b1τ = (η/L)
d Ku
√
2d/(pi(1 + St)) . (12)
The resulting smooth contribution to the collision rate
(7) is compared to data from numerical simulations for
Ku = 0.02 in Fig. 2a, using data for the correlation di-
mension shown in Fig. 2b. The corresponding comparison
for Ku = 1 is shown in Fig. 3. When St = 0, the collision
rate corresponding to Eq. (12) equals the Saffman-Turner
rate RST. For finite values of St, the rates RST and R˜
differ in two respects. First, the radial dependence of R˜
scales with the correlation dimension, ad2 , as expected in
a system with spatial clustering. This gives a larger contri-
bution than the corresponding factor, ad, in RST. Second,
the reduction of typical relative speeds due to the delay
in particle response to changes in the flow, Eq. (11), gives
the factor (1 + St)−1/2 in R˜. This is the main effect for
small values of St (or for large enough values of a) in ran-
dom flows because the correlation dimension d2 scales as
St2 for small values of St. This is clearly visible for small
values of Ku in Fig. 2a. From Figs. 2a and 3a it is clear
that the smooth part is not the full contribution to the
ghost-particle approximation of the collision rate.
7 Caustic contribution
If the St-dependence of the collision rate were determined
by clustering only, it would peak for a value of St close
to the value for which the correlation dimension (plotted
in Figs. 2b and 3b) has a minimum. Instead, the collision
rate increases substantially as St passes a threshold, and
then it decreases only slowly as St becomes even larger
(see Figs. 2a and 3a). In this section we explain this be-
haviour using Eq. (8). To isolate the caustic contribution
we subtract the smooth contribution (12) from R˜. The
result is shown in Figs. 2c and 3c (since our expression
for b1 and numerical data for R˜ are only approximate,
this subtraction fails when c1 is too small). The theory
from Refs. [10,11,12] does not determine the factor c1. In
Ref. [11] the coefficient c1 was obtained numerically by fit-
ting (6) to numerical results for the first moment m1(R)
of relative velocities as a function of spatial separation
and we use these results for c1 to evaluate (7). The result
is compared to the caustic part of the ghost-particle ap-
proximation in Fig. 2c for Ku = 0.02 and in Fig. 3c for
Ku = 1. We find that it agrees well when Ku = 1. We
note that c1 overestimates the caustic contribution to R˜
somewhat when Ku is very small, due to the fact that the
approximation of the smooth part is not precise at inter-
mediate Stokes numbers. But apart from this inaccuracy
Figs. 2c and 3c demonstrate that the collision rate is a
sum of two contributions, a smooth one and a second one
due to caustics.
It was argued in Ref. [9] that c1 is proportional to
the caustic formation rate J for small values of St (see
Section 3). A comparison between c1 and J from numer-
ical simulations is shown in Fig. 2d for Ku = 0.02 and in
Fig. 3d for Ku = 1. We find that both c1 and J show an
activated behaviour around the same values of St, but de-
tails differ. This is due to the fact that not all caustics lead
to collisions, only caustics with small relative velocities in
directions normal to their separation vector, V 2−V 2R  1,
may cause collisions between small particles. The dynam-
ics when V 2 − V 2R  1 may to lowest order be approxi-
mated by equations for the separation and radial velocity
only. It is therefore a one-dimensional rate J d=1 of caustic
formation that is relevant for collisions of small particles
in d dimensions. In the white-noise limit J d=1 was cal-
culated in Refs. [30,31]. Using a one-dimensional Fokker-
Planck description for the distribution ρ(z) of particle ve-
locity gradients, z ≡ ∂v/∂x, and identifying the constant
steady-state probability current at which z passes through
infinity (a caustic occurs), the caustic formation rate was
found to be [30,31]
J d=1τ = 1
2pi St
Im
[ Ai′(y)√
yAi(y)
]∣∣∣∣∣
y=(−24 Ku2 St)−2/3
, (13)
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using data from panel b. b Correlation dimension. Markers show data from numerical simulations ( ). c Data of panel a plotted
with the smooth part R˜s given by Eq. (12) subtracted ( ). Hollow markers correspond to negative values. The caustic part of
Eqs. (7) and (8) with c1 obtained from the numerical simulations in Ref. [11], as described in the text, is plotted as ( ). The
kinetic gas-theory result (5) is shown as a dashed line. d c1 from panel c compared to (14) with kinetic gas theory (dashed)
and J ( ). J was evaluated from numerical simulations and plotted with a fitted prefactor 0.2. The one-dimensional rate in
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where Ai denotes the Airy function. At large enough Stokes
numbers, particles originating at separations larger than
η may collide at large relative velocities. This is not ac-
counted for in the linearized dynamics leading to J d=1.
Thus c1 cannot be given by J d=1 (or the d-dimensional
rate J ) at large Stokes numbers. We estimate a critical
Stokes number where this deviation must occur, using that
the typical relative velocity for separations larger than
η is u0/
√
1 + St in accordance with the smooth relative
dynamics discussed in Section 6. For freely moving parti-
cles originating at η with relative radial speed u0/
√
1 + St
to collide during the relaxation time γ−1 we must have
St > Stc = (1 +
√
1 + 4 Ku2)/(2 Ku2).
In the white-noise limit the corresponding value be-
comes Stc = 1/Ku
2. When St  Stc, then R˜ must ap-
proach the random kinetic gas result, Rg (5). In summary,
we expect
c1τ ∼
{
AJ d=1τ if St Stc
2(η/L)d Ku
√
d/(pi St) if St Stc (14)
In the white-noise limit we find excellent agreement with
our numerical results (A ≈ 0.4), see Fig. 2d.
But for Ku = 1 the picture is more complicated. As
before, the collision rate approaches the kinetic gas limit
for St Stc and there is an activated behaviour for small
values of St, but the form of the activation is different from
that of the caustic formation rate. For small values of St,
c1 ∼ e−S/ St with S ≈ 1. As discussed in Ref. [30] the caus-
tic formation rate behaves as e−S/ St
2
for one-dimensional
flows with finite correlation time. We find from numer-
ical simulations that this is also the case in two spatial
dimensions, with S ≈ 0.1 for Ku = 1.
Finally we discuss which of the terms in (8) domi-
nates. This depends upon the value of R as explained in
Ref. [12]. At Rc = η (c1/b1)
1/(1+D2−d) the two terms in (8)
are equal. Rc depends on St through the parameters b1, c1
and D2. Evaluating Rc for the statistical model used here
shows that Rc grows even more rapidly than c1 because of
the power 1/(1+D2−d) in Rc (c.f. Fig. 9 in Ref. [12]). As
soon as caustics are activated, they dominate the collision
rate more or less independently of the particle size. This is
consistent with results from direct numerical simulations
of inertial particles in turbulent flows [6].
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Fig. 3. (Online colour). Same as Fig. 2 for Ku = 1. The white-noise results, only valid for small values of Ku, have been
omitted. The caustic formation rate in panel d is plotted with the same prefactor 0.2 as in Fig. 2.
8 Range of validity
Fig. 4a shows a comparison of the theory [Eqs. (7) and (8)]
to numerical simulations of the ghost-particle approxima-
tion R˜ for a range of particle sizes and Stokes numbers,
and for Ku = 1. In Fig. 4b the relative error is plotted. We
observe errors smaller than 10% for most of the data. The
error is significant only when St ∼ 1, for particle sizes that
are not very small. This is expected, for Stokes numbers
of order unity subleading corrections to the asymptotic
matching are most important, and the approximation for
the smooth part in Eq. (12) is less accurate. In Fig. 4c the
relative error between the theory and the collision rate R
is shown. As expected, when caustics are abundant (St
larger than order unity), the error is approximately the
same as for the ghost-particle approximation. For smaller
values of St the deviation observed in Fig. 1 shows up.
We observe that this error is approximately independent
of the particle size for the range shown in Fig. 4c.
9 Conclusions
Eqs. (7,8) determine the collision rate R˜ in the ghost-
particle approximation. These equations are obtained us-
ing earlier results on relative velocities of inertial parti-
cles [10,11,12] (see also [9]). We compared Eqs. (7,8) to
data from numerical simulations of a statistical model for
turbulent aerosols [15]. We found that the ghost-particle
approximation may over-count the collision rate for small
values of St. But for large values of St, when caustics are
important, this effect is relatively small, see also Ref. [21].
R˜ is parameterised by a sum of two contributions, one
smooth and one due to caustics. This form is similar but
not identical to other parameterisations [8,9,17,6]. Our re-
sults allow us to determine whether the non-smooth part
of the ghost-particle approximation is proportional to the
caustic formation rate J . We find reasonable agreement
for not too large values of St, but deviations are clearly
observable. One explanation for this is that only caustics
with small relative velocities in directions normal to their
separation vector contribute to collisions between small
particles. For large values of St, particles from separations
larger than η may collide, and c1 is no longer proportional
to the locally calculated J . For the statistical model we
estimate the typical scale Stc at which this transition oc-
curs. When St  Stc, c1 must approach the kinetic-gas
result [27]. Our parameterisation allows us to determine
when the caustic contribution dominates. We found that
it dominates as soon as caustics are activated, in agree-
ment with the findings in Ref. [6]. In comparison of the
relative error of the parameterisation and simulation data
we found quantitative agreement for the ghost-particle ap-
proximation. For the collision rate we found quantitative
agreement when caustics are abundant.
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Fig. 4. (Online colour). a Markers show data from numerical simulations of the ghost-particle approximation R˜data (counting
collisions and recollisions) against particle size a. Lines show the ghost-particle approximation R˜theory obtained from Eqs. (7)
and (8) with b1 from Eq. (12) and c1, d2 according to Fig. 3. b Relative error R˜err ≡ R˜data / R˜theory−1 between the markers and
lines in panel a. c Relative error Rerr ≡ Rdata / R˜theory−1 between numerical simulations for the collision rate Rdata (counting
first collisions only, neglecting recollisions) and the the theory R˜theory. Parameters: St = 0.01 ( ), St = 0.1 ( ), St = 1 ( ),
St = 10 ( ), St = 100 ( ), Ku = 1, N = 1000, L ≈ 5η. The data point with St = 100 and a = 0.5η in panel c is missing because
the particle concentration is too low in the stationary state.
Here we have studied a highly idealised model. In real-
ity the particles collide (and may coalesce) with collision
and coalescence efficiencies that depend on the relative ve-
locities. In the future a much more detailed understanding
of the possible outcomes of collisions is required. To this
end it is necessary to not only study the moments of the
relative velocities between the inertial particles, but also
their distribution [12]. One example in this direction is the
study of elastic collisions [32]. It would also be interesting
to extend the model studied here for particles of different
sizes.
Acknowledgements. Financial support by Vetenskaps-
r˚adet [grant number 2013-3992], Formas [grant number
2014-585], and by the Go¨ran Gustafsson Foundation for
Research in Natural Sciences and Medicine, and by the
grant ‘Bottlenecks for particle growth in turbulent aerosols’
from the Knut and Alice Wallenberg Foundation, Dnr.
KAW 2014.0048 is gratefully acknowledged. KG also ac-
knowledges funding from the European Research Coun-
cil under the European Union’s Seventh Framework Pro-
gramme, ERC Grant Agreement No 339032. The numeri-
cal computations were performed using resources provided
by C3SE and SNIC.
References
1. B. J. Devenish, P. Bartello, J.-L. Brenguier, L. R. Collins,
W. W. Grabowski, R. H. A. IJzermans, S. P. Malinowski,
M. W. Reeks, J. C. Vassilicos, L.-P. Wang, and Z. Warhaft.
Droplet growth in warm turbulent clouds. Q. J. R. Mete-
orol. Soc., 138:1401, 2012.
2. E. Bodenschatz, S. P. Malinowski, R. A. Shaw and F.
Stratmann. Can we understand clouds without turbu-
lence? Science, 327:970, 2010.
3. P. J. Armitage. Astrophysics of planet formation. Cam-
bridge University Press, Cambridge, UK, 2009.
4. A. Johansen, J. Blum, H. Tanaka, C. Ormel, M. Bizzaro,
and H. Rickman. The multifaceted planetesimal forma-
tion process. In Protostars and Planets VI, University of
Arizona Press, 2014.
5. Y. Zhou, A. S. Wexler, and L. Wang. On the collision rate
of small particles in isotropic turbulence. II. Finite inertia
case. Phys. Fluids, 10:1206, 1998.
6. M. Voßkuhle, A. Pumir, E. Le´veˆque, and M. Wilkinson.
Prevalence of the sling effect for enhancing collision rates
in turbulent suspensions. J. Fluid Mech., 749:841 2014.
7. S. Sundaram and L. R. Collins. Collision statistics in
an isotropic particle-laden turbulent suspension. J. Fluid.
Mech., 335:75, 1997.
8. G. Falkovich, A. Fouxon, and G. Stepanov. Acceleration of
rain initiation by cloud turbulence. Nature, 419:151, 2002.
9. M. Wilkinson, B. Mehlig, and V. Bezuglyy. Caustic acti-
vation of rain showers. Phys. Rev. Lett., 97:048501, 2006.
10. K. Gustavsson and B. Mehlig. Distribution of relative ve-
locities in turbulent aerosols. Phys. Rev. E, 84:045304,
2011.
11. K. Gustavsson, E. Meneguz, M. Reeks, and B. Mehlig.
Inertial-particle dynamics in turbulent flows: caustics, con-
centration fluctuations, and random uncorrelated motion.
New J. Phys., 14:115017, 2012.
12. K. Gustavsson and B. Mehlig. Relative velocities of inertial
particles in turbulent aerosols. J. Turbulence, 15:34, 2014.
13. J. Bec, L. Biferale, M. Cencini, A. Lanotte, and F. Toschi.
Journal of Physics: Conference Series, 333:012003, 2011.
14. V. Perrin and H. Jonker. Relative velocity distribution of
inertial particles in turbulence: A numerical study. Phys.
Rev. E, 92:043022, 2015.
15. K. Gustavsson and B. Mehlig. Statistical models for spatial
patterns of heavy particles in turbulence. Adv. Phys., 65:1,
2016.
16. G. Falkovich and A. Pumir. Sling effect in collisions of
water droplets in turbulent clouds. J. Atmos. Sci., 64:4497,
2007.
17. Lauris Ducasse and Alain Pumir. Inertial particle collisions
in turbulent synthetic flows: Quantifying the sling effect.
Phys. Rev. E, 80:066312, 2009.
K. Gustavsson, B. Mehlig: Statistical model for collisions and recollisions of inertial particles in mixing flows? 9
18. B. K. Brunk, D. L. Koch, and L. W. Lion. Turbulent
coagulation of colloidal particles. J. Fluid Mech., 364:81,
1998.
19. B. Andersson, K. Gustavsson, B. Mehlig, and M. Wilkin-
son. Advective collisions. Europhys. Lett., 80:69001, 2007.
20. K. Gustavsson, B. Mehlig, and M. Wilkinson. Collisions
of particles advected in random flows. New J. Phys.,
10:075014, 2008.
21. M. Voßkuhle, A. Pumir, and E. Le´veˆque. Estimating the
collision rate of inertial particles in a turbulent flow: Lim-
itations of the ‘ghost collision’ approximation. Journal of
Physics: Conference Series, 318:052024, 2011.
22. H.L. Pe´cseli, J. Trulsen, and Ø. Fiksen. Predator-prey
encounter and capture rates for plankton in turbulent en-
vironments. Progress in Oceanography, 101:14, 2012.
23. J. Bec, A. Celani, M. Cencini, and S. Musacchio. Cluster-
ing and collisions in random flows. Phys. Fluids, 17:073301,
2005.
24. J. Chun, D. L. Koch, S. L. Rani, A. Ahluwalia, and L. R.
Collins. Clustering of aerosol particles in isotropic turbu-
lence. J. Fluid Mech., 536:219, 2005.
25. M. Smoluchowski. Versuch einer mathematischen Theorie
der Koagulationskinetik kolloid Lo¨sungen. Zeitschrift fur
Physikalische Chemie, XCII:129, 1917.
26. P. G. Saffman and J. S. Turner. On the collision of drops
in turbulent clouds. J. Fluid Mech., 1:16, 1956.
27. J. Abrahamson. Collision rates of small particles in a vig-
orously turbulent fluid. Chem. Eng. Sci., 30:1371, 1975.
28. K. Gustafsson. Inertial collisions in random flows. PhD
thesis, University of Gothenburg, Sweden, 2011.
29. J. Bec, M. Cencini, M. Hillerbrand, and K. Turitsyn.
Stochastic suspensions of heavy particles. Physica D,
237:2037, 2008.
30. K. Gustavsson and B. Mehlig. Distribution of velocity gra-
dients and rate of caustic formation in turbulent aerosols
at finite Kubo numbers. Phys. Rev. E, 87:023016, 2013.
31. M. Wilkinson and B. Mehlig. Path coalescence transition
and its applications. Phys. Rev. E, 68:040101(R), 2003.
32. J. Bec, S. Musacchio, and S. S. Ray. Sticky elastic colli-
sions. Phys. Rev. E, 87:063013, 2013.
